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1. At th is  t i m e  the question of the contact  of  pa rabo lo ids  (the Her tz  p rob lem)  [1] has  been exper imen ta l ly  
and theore t i ca l ly  inves t iga ted .  The speci f ic  d is t r ibut ion  o f  the s t r e s s e s  n e a r  the a r e a  of  contact  in detai l  p e r -  
m i ~  the es t ima t ion  of the f r ac tu r ing  load in th is  p r o b l e m  by both the c r i t e r i a  of  the beginning of p las t ic  flow 
[2] and for  b r i t t l e  f r a c t u r e  [3]. 

The influence of the shapes  of  c o m p r e s s i b l e  bodies  on the magnitude of the m a x i m u m  p r e s s u r e  ach iev-  
able in the contact  p lane  p r i o r  to  the beginning of p las t ic  flow was cons ide red  in [4] in an example  of ax i -  
s y m m e t r i c  bodies  bounded by the s u r f ace  

= = ~4r ~ ; ( i . i )  

the z axis  is pe rpend icu la r  to the contact  plane,  r is  the rad ius  vec to r  in the contact  p lane.  F o r  X = 1 such 
a contact  p r o b l e m  goes  o v e r  into the Her t z  problem~ The r e su l t s  of  this r e s e a r c h  show that the p r e s s u r e  in 
the contact  plane can be r a i s ed  to the l imi t  value p ,  achievable  by the Mises  c r i t e r i o n  [5] if  the m a x i m u m  
shea r  s t r e s s  in tensi ty  is r eached  on the abutting su r face  and ag ree s  with the s i te  of the action of the g r e a t e s t  
no rma l  contact  p r e s s u r e .  The poss ib i l i ty  of  r ea l i z ing  such a s ta te  of s t r e s s  is independent of the value of the 
d imens iona l  coeff ic ient  A governing  the sca le  of the su r face  (1.1). A n e c e s s a r y  condition for  reaching  the 
p r e s s u r e  p$ is  the se lec t ion  of the exponent X in (1.1) f r o m  the range  1/2 < X --- ~,* (k* < 1 is indeed d e t e r -  
mined  by the s t rength  and e las t i c  c h a r a c t e r i s t i c s  of the mate r i a l ) .  

The developed r e p r e s e n t a t i o n  of the  nature  of m i c r o c r a c k  propagat ion  during br i t t l e  f r a c tu r e  under  a 
s p h e r i c a l  indentor  [3] is  extended in th is  pape r  to the case  of an indentor whose su r face  is desc r ibed  by  the 
p e w e r - l a w  function (1.1). The r e s u l t s  obtained a r e  applied to e s t ima te  the p r e s s u r e  in a min ia tu re  ch amb e r  
[6] where  high p r e s s u r e  is  p roduced  during i m p r e s s i n g  a smooth conical  indentor into a s lab.  Such a modif i -  
ca t ion  of  the  ex tens ive ly  ut i l ized appara tus  of the nBridgman anvil n type is p romis ing  for  the solution of p r o b -  
l e m s  about expanding the  range  of p r e s s u r e s  access ib le  to r e s e a r c h .  Trans i t ion  of the d ie l ec t r i c s  BN, C, 
SIC2, and MgO into the meta l l i c  s ta te ,  as  obse rved  on th is  appara tus ,  is r epo r t ed  in [7]. 

2. The br i t t le  f r a c t u r e  c r i t e r i o n  can be obtained f rom the energy  balance  equation [5 ]. In this case ,  
the change in f r ee  ene rgy  F a s soc ia t ed  with the p r e s e n c e  of a c r a c k  of length c is invest igated.  The c r a c k  
b e c o m e s  uns table  if  i ts  d imens ion  c = Ck c o r r e s p o n d s  to one of the e x t r e m u m s  of the function F(c).  As the 
t ens i l e  force  g rows ,  the c r a c k  g rows  quas i s t a t i ca l ly  if c k de t e rmines  the m i n i m u m  F(c); the c r i t i ca l  c r ack  
is  lengthened spontaneously  under  i n v a r i a n t  ex te rna l  conditions if  Ok co r r e sponds  to the m a x i m u m  F(c).  

I n  such an approach  to the p r o b l e m ,  two p a r a m e t e r s  of the d imensional i ty  of a length a r e  introduced 
f r o m  the beginning, the m e a n  d imens ion  c of c r a c k s  exist ing in the m a t e r i a l ,  and the ra t io  Y/E,  whose value 
is  de t e rmined  by the i n t e r a tomic  binding fo r ce .  The nature  of  the development  of  a dangerous  c r a c k  depends 
on the re la t ionsh ip  between c, y / E ,  and the d imens ion  of the domain of e levated  tens i le  s t r e s s e s  in which this  
c r a c k  is located.  

During contact  the  va lues  of c and ~//E should be c o m m e n s u r a t e  with the d imension of the contact  spot 
a r  during f r ac tu re .  F o r  indentors  bounded by the su r face  (1.1), the value of a r for  a given value of X is de-  
t e r m i n e d  by  the magni tude of  the  coeff ic ient  A cha rac t e r i z ing  the s ize  of the indentor .  As will be  shown be-  
low, the WdimensionW of  the bodies  making contact  substant ia l ly  affects  the magnitude of the p r e s s u r e  a t ta in -  
able in the contact  p lane  up to  the t i m e  of b r i t t l e  f r ac tu re .  
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N e a r  t he  c e n t e r  of  c o n t a c t  a l l  t he  p r i n c i p a l  v a l u e s  of  the  s t r e s s  t e n s o r  c o r r e s p o n d  to c o m p r e s s i o n ,  
w h i c h  h i n d e r s  c r a c k  d e v e l o p m e n t .  B r i t t l e  f r a c t u r e  u s u a l l y  s t a r t s  on the  c o n t a c t  s u r f a c e  o u t s i d e  the  a r e a  of  
c o n t i g u i t y  (z = 0, r -> a ,  a i s  the  r a d i u s  of  con tac t ) ,  w h e r e  p u r e  s h e a r  i s  r e a l i z e d  u n d e r  p l a n e  s t r e s s  s t a t e  
c o n d i t i o n s :  The  c o m p o n e n t s  a z z  and ~ r z  o f  t he  s t r e s s  t e n s o r  v a n i s h ,  but  a~p~ = - e r r .  The  m o s t  p r o b a b l e  
s i t e  of  the  b e g i n n i n g  of  b r i t t l e  f r a c t u r e  i s  t he  edge  of  t h e  c o n t a c t  spo t  w h e r e  the  t e n s i l e  s t r e s s  e r r  r e a c h e s  

i t s  m a x i m u m  v a l u e  a m :  

I - 2v (~ (2.1) 
~m 2 ga 2 

(Q i s  the  m a g n i t u d e  of  t he  c o m p r e s s i v e  f o r c e  and v is  P o i s s o n t s  r a t i o ) .  The  s t r e s s  a m r i s e s  wi th  the  g r o w t h  
of  Q .  The  f o r m a t i o n  o f  c i r c u l a r  c o n i c a l  c r a c k s  a long  the  edge  of  t he  c o n t a c t  spo t  i s  o b s e r v e d  in e x p e r i m e n t .  

The  s t r e s s  f i e ld  n e a r  t he  c o n t a c t  s u r f a c e  i s  c o n v e n i e n t l y  d e s c r i b e d  by  the  p r i n c i p a l  v a l u e s  of  the  t e n -  
s o r  a i k .  T h e i r  n u m b e r i n g  i s  c h o s e n  so  t ha t  t h e  p r i n c i p a l  s t r e s s e s  a 1 and a 2 a g r e e  on the  s u r f a c e  z = 0 wi th  
t h e  s t r e s s e s  e r r  and  a z z ,  r e s p e c t i v e l y .  The  s t r e s s  a ~ r  a g r e e s  wi th  the  p r i n c i p a l  v a l u e  a 2. 

I t  i s  shown[8]  in e x p e r i m e n t s  wi th  s p h e r i c a l  i n d e n t o r s  tha t  in a f i r s t  a p p r o x i m a t i o n  a c o n i c a l  c r a c k  d e -  
v e l o p s  n o r m a l l y  to  the  p r i n c i p a l  t e n s i l e  s t r e s s  a i .  I t  i s  a s s u m e d  be low tha t  t h i s  r e g u l a r i t y  i s  s a t i s f i e d  even 
f o r  c r a c k s  b e i n g  f o r m e d  u n d e r  an i n d e n t o r  whose  s u r f a c e  i s  d e s c r i b e d  by (1.1).  

F o r  a r b i t r a r y  a x i s y m m e t r i c  i n d e n t o r s ,  t he  c o n t a c t  p r e s s u r e  a round  the  edge  of  the  a r e a  of  c o n t i g u i t y  
( r  ~ a)  d e c r e a s e s  a s  (1 - r /a ) t / 2 .  T h i s  g e n e r a l  d e p e n d e n c e  shou ld  even  be fe l t  by  the  r a t e  o f  s t r e s s  d e c r e a s e  
n e a r  the  c o n t a c t  e d g e .  F o r  v e r i f i c a t i o n  by  the  known B o u s s i n e s q  f o r m u l a s  [1], the  s t r e s s e s  u n d e r  an i n d e n t o r  
bounded  by  the  s u r f a c e  (1.1) w e r e  c o m p u t e d  n u m e r i c a l l y  f o r  d i f f e r e n t  v a l u e s  of  X, and the  d e p e n d e n c e s  a I = 
a l ( / )  g o v e r n i n g  the  t e n s i l e  s t r e s s  a t d i s t r i b u t i o n  a long the  d i r e c t i o n  of  c r a c k  d e v e l o p m e n t  a s s u m e d  (F ig .  1). 
T h e  m o s t  c o n v e n i e n t  r e p r e s e n t a t i o n  fo r  t he  n o r m a l  p r e s s u r e  d i s t r i b u t i o n  u n d e r  an i n d e n t o r  of  such  shape  is  
o b t a i n e d  in [9]. F o l l o w i n g  [3], w h e r e  the  f o r m a t i o n  of  a c o n i c a l  c r a c k  d u r i n g  i m p r e s s i o n  of  a s p h e r i c a l  i n -  
d e n t o r  in to  a s l a b  was  c o n s i d e r e d ,  we w r i t e  a l ( / )  in t he  f o r m  

/o '  + (a,,, - -  o') (t - -  l/6), t < 6~ 
o~ (l) ---- [a ' ,  l > 6, (2.2) 

which  a d e q u a t e l y  d e s c r i b e s  the  va lue  of  a 1 fo r  I ~ 0.5a;  the  s p a c i n g  1 is  m e a s u r e d  f r o m  the  c o n t a c t  s u r f a c e .  
The  r a t i o s  6 /a  and a ' / a  m depend  s l i g h t l y  on X: 6/a  ~ 0.13,  a ' / a  m ~ 0.1.  

The  in f luence  of  the  i n d e n t o r  s h a p e  (the v a l u e  of  k in (1.1)) on the  c r i t i c a l  b r i t t l e  f r a c t u r e  p a r a m e t e r  
i s  d e t e r m i n e d  by  the  d e p e n d e n c e  of  t he  s i z e  of  the  c o n t a c t  spo t ,  and t h e r e f o r e ,  by  the  m a g n i t u d e  of  the  s t r e s s  
a m (2.1) on the  i n d e n t o r  g e o m e t r y  f o r  a g iven  l oad  Q. Below,  t he  r e s u l t s  of  [3] a r e  wTit ten in a f o r m  a c c e s -  
s i b l e  to  e x t e n s i o n  to  t h e  c a s e  of  f r a c t u r e  u n d e r  an a x i s y m m e t r i c  i n d e n t o r  of a r b i t r a r y  s h a p e .  

So lu t i ons  of  t h e  e q u a t i o n  a F ( c ) / O c  = 0 in t he  s t r e s s  f i e ld  (2.2) a r e  i n v e s t i g a t e d  on the  b a s i s  of  the  t h e o r y  
o f  f r a c t u r e  [10]. The  func t ion  F (c )  h a s  t h r e e  e x t r e m u m s  fo r  c = Ck; the  v a l u e s  o f  c k a r e  c 0, c t ,  c2 i f  a m 
d o e s  not  e x c e e d  t h e  c r i t i c a l  v a l u e  a'm: 

T h e  d i m e n s i o n  

r 
-i --Y--g"J' cG = 2 y E / n ( i - -  v ' ) a . ,  (2.4) 

i s  d e t e r m i n e d  by the  m a x i m u m  of F(c)  fo r  c o << 5. The  va lue  c G a g r e e s  wi th  the  c r i t i c a l  s i z e  o f  the  Gr i f f i t h  
c r a c k  [5] u n d e r  a c o n s t a n t  t e n s i l e  s t r e s s  a = a m .  The  v a l u e s  of  c k = c l .  2 > 5 indeed  d e t e r m i n e  the  m i n i m u m  
and m a x i m u m  of  the  func t ion  F ( c ) ,  r e s p e c t i v e l y .  F o r  a m = a*  m t h e s e  e x t r e m u m s  m e r g e :  c 1 = c 2 = c*; a s  the  
l oad  g r o w s  the  equa t ion  O F ( c ) / 0 c  = 0 h a s  no r e a l  r o o t s  fo r  c > 6: 

i [ ~,~)~ ~. (2.5) 
C * N T ,  o" 

645 



6,[ 

o,2- 

:] 

ol, a;s 
Fig.  1 

.I 

3- I 

~" 5 100 a~ le~ 

30 

Fig.  2 

The as t e r i sk  marks  values of  all  the pa r ame te r s  for a m = a* m. The chauge in the number of possible equi- 
l ibr ium s izes  of ca r ck  for am = a*m is re la ted  to the change in the stability conditions for surface  c racks ,  
for  which a spontaneous inc rease  in whose dimensions will r esu l t  in the appearance of a developed conical 
c rack .  

Let c f  be the mean size of a surface  c rack  in the undeformed mate r ia l .  The difference in the nature 
of the propagat ion of such c r acks  for  different relat ionships between c f  and the cha rac te r i s t i c  dimensions 
c$,  c* can be i l lustrated most  c lea r ly  by a graph of the dependence of the mean p r e s s u r e  ~r  = qr/~ra2r 
on the size of the contact  spot a r  up to the t ime of  f rac ture .  Such a dependence is universal  and should be 
observed  for  a rb i t r a ry  ax i symmet r i c  indentors.  For  a given value of am the mean p re s su re  is determined 
by means  of  (2.1). 

1) Let c f  < co*. In this case ,  c r ack  growth s ta r t s  for  some value a m = O~m > a'm, when the cr i t ical  di- 

mension c o diminishes to the value cf. A sur face  crack ,  which becomes unstable for a m > a'm, len~hens ,  

spontaneously causing complete f rac tu re .  I t  follows f rom (2.4) and (2.5} that aim = ~/2~E/[~(1 - v2)cf]. The 

condition c f  < c~ governs the possible values of the radius  of the contact spot during f racture:  a r  > ai = 

( T r / 4 ) ( a m / a ' ) ( a / 5 ) c  f ~ 1O0c/(Fig.  2). 

2) If  c~ < cf  < c* (or a2 < a r  < al; a2 = ~ ( a ' / a m ) ( a / 5 ) c f  ~ 5qf), the conical  c rack  will develop in two 

s tages .  F i r s t ,  when the value of c o becomes  equal to c /  (for ~m < a'm), the sur face  c rack  will grow to a 

size corresponding to the equil ibrium value c 1. This increase  in the c rack  depth is insignificant and not p e r -  
ceived as complete f rac ture .  Under fur ther  loading, the c r a c k  dimension inc reases  in equil ibrium until it 
agrees  with the value c 2 (c 1 = c 2 = c*) for a m -- a~*no Here  the c r ack  size grows abruptly, result ing in f r ac -  

ture .  The maximum tensi le  s t r e s s  to the t ime of f rac ture  is a ~  (Fig. 2)o 

3) If  the radius  of the contact  spot during f rac ture  is sufficiently smal l  (ar < a2), which cor responds  to 
the inequality cf  > c*, the domain of elevated s t r e s se s  8 near  the surface  is too small ,  and the development 
of the surface  c rack  occurs  in a prac t ica l ly  constant s t r e s s  field a ' .  F r a c t u r e  s tar ts  for a m < a* m when the 
value of the unstable dimension c 2 is commensura te  with cf (Fig. 2). 

To determine the magnitude of the f rac tur ing load Qr  as a function of the indentor geometry ,  the r e l a -  
t ionships (2.3)-(2.5) should be supplemented by an equation governing the radius  of  the contact  spot as a func-  
t ion of the load. If  the indentor surface is descr ibed  by (1.1), then in conformity  with [9] 

a,.~+l = Q (t -- v 2) F {~, -7- 3/2~ 
V~F (Z) kaAE (2.6) 

The values of c~ and c* computed by means  of (2.4) and (2.5) a re  constants charac te r iz ing  this inden- 
to r .  Inequalities bounding possible  values  of the dimensional coefficient A governing the indentor size can be 
compared  by different relat ionships between cf, c~ and c*. Using (2.6)9 we obtain 
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i - - g 7  z~r (z) ~ t ~ - / t ~ / J  Ec~ x-' ' 

* O,) [ ~  ~4)~-1 

c I > c* ()~), f f  A > - ' o  \ ' ~ ]  �9 

Summar iz ing  the p rev ious  r e su l t s ,  we wr i t e  an expres s ion  for  the f rac tu r ing  load Q(X) 

the p a r a m e t e r s  governing the indentor  shape  

(2.7) 

as a function of 

A < A~ ~, 
el J 

O ? ) -  O;, A(o ~) < A < A(o ~' [ o.~)*n-1 = \SU/ ' 
2~+1 

l "l J , A>>.u0 \20,] ' 

1 
2 (Ym a 2~,+I 4~,-1 

Q[ = A a ( (i -- , ' )  F 0~ ~- 3/2) 

(2.8) 

The expl ici t  f o r m  of Q{r x) for  A > A~X)(~m/2~')4k'i is obtained success fu l ly  only asympto t i ca l ly  for  A >> 

A~;k)(~m/2r when c />> e*(k). In the p a r t i c u l a r  case  X = 1 (a spher i ca l  indentor  of rad ius  R := 1/2A), 

the  e s t i m a t e s  obtained above for  the c r i t i c a l  f r a c t u r e  conditions agree  with the r e s u l t s  in [3]. 

3. The express ion  (2.8) for  the l imi t  load Q(X) p e r m i t s  es t imat ion  of the m a x i m u m  p r e s s u r e  being de-  
veloped in the contact  plane up to the t ime  of br i t t le  f r ac tu re .  Taking account of  the r e s u l t s  in [4], such c o m -  
putat ions  can be used  as  the initial  data for  the cons t ruc t ion  of h i g h - p r e s s u r e  appara tus  of the WBridgman 
anvi l"  type .  

Compar ing  the f r a c t u r e  conditions under  indentors  whose shape is desc r ibed  by the equation z = Ar 2x 
for  different  k, it can be seen  that  f r a c t u r e  is made e x t r e m e l y  difficult if  the indenter  su r f ace  is a lmos t  con-  
ica l  (X -~ 1/2): The e f f e c t s o f  p las t ic  flow he re  appea r  only for  high l imi t  p r e s s u r e s  (see See. 1); for  a given 
n o r m a l  p r e s s u r e  P(0) at the cen te r  of contact ,  the value of the m a x i m u m  tens i l e  s t r e s s  t m  governing the 
appea rance  of b r i t t l e  c r a c k s  on the edge of the contact  spot tends to ze ro  as ?~ -~ 1/2: ~m(~) = (1 - 2v) • 

[(2k - 1)/(2~, + 1)]P(O). 

I t  can be shown that  for  k -< 1 the m a x i m u m  no rma l  p r e s s u r e  p~n = [(2X + 1)/2(2X - 1)](Q/Ira 2) is r eached  

at the cen te r  of contact .  The value of P ~  is de te rmined  by the known mean  p r e s s u r e  P r  up to the beginning 
of b r i t t l e  f r a c t u r e  (see Fig.  2). F o r  a given ~ the i nc rea se  in the contact  p r e s s u r e  can be expected in only 
a smal l  contact  spot  (a r < a t ~ 100c29, which co r r e sponds  to the values  A > A~ (see (27)) . t  

F o r  values  of X close  to 1/2,  the p r e s s u r e  dis tr ibut ion in the contact  plane is acute ly  inhomogeneous,  
which p e r m i t s  obtaining a p r e s s u r e  nea r  the cen te r  which is many  t hnes  g r e a t e r  than the mean  loading over  
the a r ea .  The r i s e  in the m a x i m u m  p r e s s u r e  in the contact  plane is assoc ia ted  with diminution of the s ize  of 
the domain  in which the p r e s s u r e  is  high. 

A rounded-of f  conical  indentor  

1.2 
-2--~, r ~  to. 

z (r) = �9 r~ \ 
r tg~ §  --"'o tg~) ,  l ' ~  I' 0 

(3.1) 

SFor  sphe r i ca l  indenters  (k = 1, .A = 1 /2R) ,  the i nc r ea se  in the coefficient  A c o r r e s p o n d s  to diminution in 
the indentor  rad ius .  
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(the smooth  p a r t  of the indentor  goes smoothly  ove r  into a conical  p a r t  at the point r0: r 0 = R tan ~, fl = ~/2 - 
a ,  2 a is  the cone a p e r t u r e  angle) and a s lab of a r t i f i c ia l  d iamonds of the carbonado type in the appara tus  of 
[6] we re  used as working e l emen t s  of a highy;pressure c h a m b e r .  

Pos s ib i l i t i e s  of the rounded-of f  cone-p lane  s cheme  have been d i scussed  ex tens ive ly  in the l i t e r a tu r e .  
This  quest ion has  been examined  in g r e a t e s t  deta i l  in [11], where  the magnitude of the m a x i m u m  p r e s s u r e  
p m  being r ea l i zed  in such a c h a m b e r  p r i o r  to the beginning of f r ac tu re  is e s t ima ted  by means  of the value 
of  the tens i le  s t r e s s  at  the edge of the contac t  spot within the f r a m e w o r k  of the Her tz  theory ,  f r o m  which 
P r  m ~ 60 kba r .  Such an e s t i m a t e  is  val id only for  definite re la t ionships  between the round-of f  radius  of the 
cone R and the a p e r t u r e  angle 2tr, when R is suff icient ly l a rge  and the f rac tur ing  load is l e s s  than the force  
needed for  the conical  indeutor  su r face  to take pa r t  in the contact .  I f  the p a r a m e t e r s  of the s y s t e m  (3.1) allow 
par t i c ipa t ion  of the conical  su r f ace  in the contac t  p r i o r t o  f r ac tu re ,  then the r e su l t s  of  [11] a r e  inapplicable;  
the value of  p m  cited the re  is  subs tant ia l ly  lowered .  

The n o r m a l  p r e s s u r e  d is t r ibut ion P{r) under  the rounded-off  conical  indentor  can be de te rmined  by the 
genera l  fo rmula  [12 ] r e la t ing  the value of P(r)  to the shape of an a x i s y m m e t r i c  indentor by the in tegra l  r e -  
la t ion 

t ~ F" (s) ds (3.2) 
P( r )= .  - ~  ~ t/-s~-~r~, O < r ~ a ,  

F ( s )  = ~ - s 
0 ]~ $ 2 - - 0 2  

(h is  the indentor  d isplacement) . .  The rad ius  of contact  a is de te rmined  f r o m  the equi l ibr ium condition 

a 

Q = 2~ y P (r} r d r ,  which can be reduced  to the f o r m  
0 

a 

. ~ z' (~) ~2.(a2 ci2)-'/2da = Q (1 - v~)/E. ' 

An invest igat ion of the express ion  (3.2), where  z(r) is  given by (3.1), shows that  the conical  indentor  
su r f ace  takes  pa r t  in the  contac t  only for  loads Q > Q0, where  Q0 is  the fo rce  for  which the radius  of  the 
contac t  spot  is  a = r0: 

2 E tg ~r~ 
Qo = 3 ( 1 - v  2) 

F o r  Q < Q0 the p r e s s u r e  dis t r ibut ion in the plane of contact  can be de te rmined  by means  of the Her t z  
solution: P(r)  = (3 /2) (Q/~a2)~r l -  rZ/a 2. F o r  loads Q >> Q0 [ P ] 

I ln t -- ~/t -- rZ/a ~ 
P ( r ) =  Etgg ro/a-4- ~ @ . / ~ _ _ _ ~ / a  2 , r <r.o, 

4 (I -- ,"-----~ - -  (3.3) (. / iln V +  - ~ - - t  , r > r o ;  

he re  a ~ 2((1 - v2)Q/~E tan ~ 1 / 2  

F o r  r > r 0 f o rm u l a  (3.3) d e s c r i b e s  the dependence of  the contact  p r e s s u r e  on the rad ius  r for  conical  
indentors  (r o -- 0). The loga r i thmic  growth of the p r e s s u r e  at  the cen te r  of contact  can hence be obtained di-  
r e c t l y  fo r  r 0 << a as  a r e s u l t  of  taking the ave rage  o v e r  a s m a l l  a r e a  of  rad ius  r 0. 

Po lyc rys t a l l i ne  d iamonds  of the carbonado type a r e  a new u l t rahard  m a t e r i a l  for  which br i t t le  f r ac tu re  
is  c h a r a c t e r i s t i c .  The load at which f r ac t u r e  of the indentors  fabr ica ted  f r o m  this  m a t e r i a l  occu r s  can be 
e s t i m a t e d  by means  of (2.8) .  
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The condition Q0 < Qtr in the s y s t e m  (3.1), where  Qi r is  the f rac tu r ing  load of a sphe r i ca l  indenter ,  

governs  the re la t ionsh ip  between the p a r a m e t e r s  R and fl, allowing par t ic ipa t ion  of the conical  indenter  s u r -  
face in the contact .  The inequal i ty  Q0 < Qtr is sa t is f ied if  

where  

3 r  
tg ~ < ~ Ec t , 

tga{SR < ~ (! -- 2v) ~ 

B >  R0, 

(3.41 

, B < H~, 

i -- 2v / 2~Ec} 

The lack  of confident data  about the value of the su r face  energy  7 and the mean s ize  of the su r face  
c r a c k s  cf  in diamonds of the carbonado type makes  difficult a r ea l i s t i c  e s t ima te  of the magnitude of  the p r e s -  
su re  in the scheme  under  cons idera t ion .  However ,  i f  it is a s sumed  that  the value of of  ag rees  in o rde r  of 
magni tude with the usual  s i zes  of su r face  c r a c k s  in br i t t le  m a t e r i a l s  [3] (el  ~ 10 -4 era1 then the value of 7 
can  be evaluated by using the data about the f r ac tu re  of l a r g e - r a d i u s  spher ica l  indenters  when it  is suff icient  
to know the value of  the tens i le  s t r e s s  on the edge of the contact  spot to e s t ima te  f r ac tu re  (see See. 21. I t  is 
indicated in [6] that  the mean  p r e s s u r e  during f r ac tu re  of bal ls  of  radius  R ~ 2-2.5 c m  is on the o rde r  of  
4 .104 k g / c m  2. F o r  E ~ 107 k g / c m  ~- (the value of Youngts modulus for  diamonds),  this  co r re sponds  to the 
value 7 ~ 1.5 �9 1O "s k g / c m .  

The r e su l t s  of  computat ions  [11] a r e  val id only outside the domain (3.4) for  R > R0, R 0 ~ 0.4 cm.  Upon 

compl iance  with the inequal i t ies  (3.41, the p r e s s u r e  P r  m should be e s t ima ted  by (3.3), where  Q 0 (1/2t" 

value of Q~/21 is determined from expression (2.81 for X = 1/2. Here the pressure at the center of the con-  

t ac t  can r e a c h  va lues  on the o r d e r  of 10 6 k g / c m  2 without f r ac tu re .  Thus, for  ins tance,  for  a cone ape r tu r e  
angle 2~x ~ 160 ~ and rad ius  R - 10 -4 c m  the p r e s s u r e  will be P r  m ~ 1.5 "106 k g / c m  2. 

I t  should be noted that  the examinat ion  p e r f o r m e d  above of the f r ac tu re  conditions a s s u m e s  the p r e s e n c e  
of a su r f ace  c r a c k  of given s ize  c f  at the edge of the contact  spot for  any s ize  of  the a r e a  of  contiguity.  This  
a s sumpt ion  is  valid if  a >> c f .  I f  f r a c t u r e  occu r s  at the contact  spot whose s ize  is on the o r d e r  of  the spacing 
between su r face  c r a c k s ,  then it can tu rn  out that  a c r a c k  of  the s ize  c f  will not be in the domain of elevated 
t ens i l e  s t r e s s e s  for  a = a r ,  and the indenter  will sus ta in  the load Q > Qr .  In this  sense  the values  obtained 
for  p m  mus t  be unders tood as the lower  bound for  sma l l  contact  spot s i ze s .  

The author  is gra tefu l  to R. G. Arkhipov who had a detai led acquaintance with the r e s e a r c h  and p roposed  
a number  of  changes  contr ibut ing to a m o r e  graphic  elucidation of the resu l t s ,  to B. V. Vionoradov,  G. N. 
E r m o l a e v ,  A. V. Rakhmanina  and E.  N. Yakovlev for  in te res t  in the r e s e a r c h  and for  useful  d i scuss ions .  
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C O M P U T A T I O N  O F  E F F E C T I V E  P L A S T I C I T Y  

C H A R A C T E R I S T I C S  O F  I N H O M O G E N E O U S  M E D I A  

V .  V .  D u d u k a l e n k o ,  S .  I .  M e s h k o v ,  
a n d  L. A,  S a r a e v  

UDC 539.389.1 

Macroscopic  mechanical  cha rac t e r i s t i c s  of a composi te  mate r ia l ,  r epresen t ing  a mixture  of inclusions 
and host ,  a re  de te rmined  by the mechanical  p rope r t i e s  of the phases  and its geomet r ic  configuration.  We de-  
fine the composi te  configurat ion by that uni form distr ibut ion of the spher ica l  inclusions in the host so that  the 
cha rac t e r i s t i c  function ~ equals one at the inclusions.and ze ro  at the host and is s ta t i s t ica l ly  homogeneous 
and i so t ropic .  With r e spec t  to the mechanical  p rope r t i e s  of the phases ,  we l imit  ourse lves  to the condition 
that  the plas t ic  p rope r t i e s  of the inclusions be higher  than th ~, p las t ic  p roper t i e s  of the host .  Hence,  the host 
can be cons idered  ideal ly e las t ic  in a definite deformat ion range,  and the inclusions ideally e l a s t i c - p l a s t i c  
Both phases  a re  in terconnected such that  sl ip of the inclusions in the host is excluded. 

1. The materials of the host and the inclusions are considered isotropic and Hookers law in the phases 
is written in the form 

o~.j = 2tt~ (e u - -  e~#) q- 6u~e~h,: 

where  # a ,  )tc~ a r e  the Lama p a r a m e t e r s ,  Gij, eij ,  ep  a re  components of the s t r e s s ,  the total  and plast ic  de-  

fo rmat ion  t enso r s ,  and c~ = 1 co r r e sponds  to the host and a = 2 to the inclusion. The plast ic  deformat ions  
sa t i s fy  the incompress ib i l i ty  condition e~k = 0. The plas t ic  p roper t i e s  of the inclusions a re  de te rmined  by 

the Mises  p las t ic i ty  condition si js i j  = k 2, where  sij and k a re  the deviator  components of the s t r e s s  t ensor  
and the plas t ic i ty  l imi t  of the inclusions,  respec t ive ly .  

An investigation of the extremum [I] of the function 

I {S [D(eS)  ' I - - i j ) ] d V - - S ( p , v , ~ ,  g.,U,)dS} L =  -p- -- T W (e u -- e~j, ~eij e v 
S 

( 1 , 1 )  

determines the properties of the inhomegeneous medium. Here D(e p) = k(x)~ is the dissipative function 

for the selected plasticity condition [2]; 
Lj 

�89 w -  rj) = (e, j  -  rJ) + 

is the ra te  of change of the e las t ic  energy,  eij,  ei~ a re  the components of the to ta l  and plast ic  s t ra in  ra te  

t e n s o r s ,  u i, v i a r e  the d isp lacements  and the veloci t ies ,  Pi, qi a re  the loads and the i r  veloci t ies  on the s u r -  
face.  T h e  total  volume V is a s imply  connected domain.  The random s t r e s s ,  s t ra in ,  and the i r  veloci ty  fields 
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